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Abstract 

For any A; G No, we show that the cone of {k + l)-secant hnes of a 
closed subscheme Z C P^^, over an algebraically closed field K running 
through a closed point p G is defined by the fe-th partial elimination 
ideal of Z with respect to p. We use this fact to give an algorithm for 
computing secant cones. Also, we show that under certain conditions 
partial elimination ideals describe the length of the fibres of a multiple 
projection in a way similar to the way they do for simple projections. 
Finally, we study some examples illustrating these results, computed by 
means of Singular. 

1 Introduction 

Partial elimination ideals (PEIs) have been introduced by M. Green in [7] in 
relation to generic initial ideals. In this article we give a definition of partial 
elimination ideals that is independent of the choice of coordinates and can be 
used to study simple projections with arbitrary centre as well as multiple projec- 
tions with certain nice properties. Finally, we give an algorithm which utilises 
PEIs to compute the secant cone of a projective scheme with respect to an ar- 
bitrary point. 

Let K be an algebraically closed field, let n e No, and let R := K[xo, . . . ,x„] 
be the polynomial ring in n + 1 indeterminates. Let P" = := Proj(i?); 
let mProj(i?) denote the set of maximal ideals in Proj(i?), that is the set of 
closed points of P". Let p e mProj(i?) be a closed point, let S := K[pi] be 
the homogeneous iiT-subalgebra of R generated by the linear forms of p, and let 
a C i? be a graded ideal. Then, for k & No and each y € i?i\pi, the k-th partial 
elimination ideal of a with respect to p is 

^'(a) = 0{/ e S, I 3g e ip^'+%+k : y'f + g e 0,+^}, 

which is a graded ideal in S. Note that /C^(a) is independent of our choice of 
y G Ri\pi fCoroUarv 12. 5p . This definition is indeed a generalisation of that 
in [7], where PEIs are defined in the case where p — (xi, . . . and y = xq. 
In [5] it is shown that in this situation a Grobner basis of /C^(a) is given by 
the leading coefficients in xq of those elements of a Grobner basis of a whose 
degree in xq is less or equal than k (with respect to an elimination ordering on 



R). As taking PEIs commutes with coordinate transformation (Lemma 12. 6p it 
is therefore quite easy to compute PEIs. 

Now, let Z C P" be the closed subscheme defined by a homogeneous ideal 
Iz Q R such that p = (1 : : • • • : 0) ^ Z, and let tt : P"\{po} be the 

projection from p to the subspace P"~i C P" whose homogeneous coordinate 
ring S — K[xi, . . . ,Xn] is generated by the linear forms of the ideal of p. Then 
it is well known (see [71 Proposition 6.2], O Theorem 3.5]) that JCl{Iz) is the 
vanishing ideal of the set {q S Tr{Z) \ 1{Z n {q,p}) > k}, where {q,p) C P" is 
the line spanned by q and p and 1{Z n {q,p)) denotes the length of the fibre 
i''^\z)~^iq) — ZC\ {q,p) over q. (Incidentally, this is the reason why we consider 
schemes instead of varieties, as we have to study intersection length and closed 
points counted with multiplicity.) Theorem 13.41 gives a sligthly more general 
version of this result, and we give a proof that demonstrates the relation be- 
tween PEIs and homogeneous elements of the homogeneous ring R/Iz which 
behave analogously to superficial elements in local rings. Further, Theorem 13.41 

immediately gives rise to Proposition 13.81 which states that ^Jlc^JJz)R is the 

(scheme theoretic) ideal of the (fc + l)-secant cone SeCp^^(Z) of Z with respect 
to the closed point p G P"\Z corresponding to any p S mProj(i?). This allows 
us to define an algorithm for computing secant cones and secant loci of a projec- 
tive subscheme Z C P" with respect to a closed point p E P"\Z (see Algorithm 
[QD : 

Input: Ideal Iz Q R oi Z, ideal p e mProj(i?). 

1. Define a linear coordinate transformation tp : R R such that tp{p) = 

{x\ , . . . , Xn ) . 

2. Compute a Grobner basis G of ip{Iz) with respect to an elimination ordering 
on R. 

3. Set fco := maxjdeg^.^ (g) | g G G}. 

4. For < fc < fco, set Gk := {LT,„(5) | g G G A deg,„(5) < fc}. 

5. Compute JCl{Iz)R = i^-\Gk)R for < fc < fco- 

6. Compute ^Kl{Iz)R for < fc < fco- 

Output: Ideals ^lCl{Iz)R, • . • , ,J^Jlz)R of Sec^(Z), . . . , Sec^''+^(Z). 

In section 2 we give a sligthly different definition of partial elimination ideals 
and show that this definition indeed describes what we were looking for and 
that it is independent of the choice of coordinates. In section 3 we formulate 
the main results about PEIs with respect to simple projections and secant cones. 
In section 4 we give two results about PEIs and multiple projections useful for 
the consideration of examples. Section 5 explains the algorithm for computing 
secant cones and secant loci using PEIs. Finally, in section 6 we consider some 
examples. 
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2 Partial Elimination Ideals 

Notation 2.1. (A) For the remainder of this article, by p G P" we always mean 
a closed point p of the projective n-space P^. Moreover, we identify P" and 
mProj(i?) and just write p G mProj(i?) for the homogeneous ideal of p e P". 
If we want to emphasize an algebraic point of view, we use gothic letters such 
as q and p, which always relate to closed points denoted by the according latin 
letters such as q and p. 

(B) Let p € mProj(i?) and -ft'[pi] C i? be the graded i^T-subalgebra of R gen- 
erated by the linear forms of p. Frequently, we just write S := -ftr[pi] and 
consider S as the homogeneous ring of some linear subspace P"-^ = P^"^(p) := 
Proj(i<r[pi]) C P". Now, let y € -Ri\pi. Then, the if-vectorspace Ri is gen- 
erated by y and pi and therefore R = K[y,pi\ = S[y\. Let f £ R. We may 
consider / as a polynomial in y over S and write degy(/) for the degree of 
/ G S[y] in y. Furthermore, let LC,,(/) and LTj,(/) denote the leading coeffi- 
cient and the leading term of /, respectively, as a polynomial in y over S. Note 
that using this notations we are not considering the standard grading on R but 
the one induced by R = S[y]. 

Definition 2.2. Let a C _R be a graded ideal, let p € mProj(i?), and let fe S Nq. 
We define the k-th partial elimination ideal (abbreviated PEI) of a with respect 
to p by 

IClia) := {/ e K[p,] I Vy e i?i\pi 3gGR: deg^(<?) < A // + 5 G a}. 
/C^(a) is a graded ideal of S whose rf-th graded component is given by 
^fe(a)d = {/ e S'd I Vy e i?i\pi 3g e Rd+k ■ degy(g) <kAy''f + ge aa+k} 

= {/ e 5d I Vy e i?i\pi 3g e (p<'+i)d+fc -.y^f + g^ aa+k n {p'')d+k}. 

Finally, we define /C^i(a) = 0. In this way we get an ascending chain of graded 
ideals of S 

= /CP i(a) c a n 5 = /Cg(a) c K:\{a) c • • • c /CP(o) c /C^^^ c • • • 

Notation 2.3. For the remainder of this section, we fix a graded ideal a C ii 
and a closed point p e mProj(i?). For all fc e Z, let 

:=0arfn(p'^-% 
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where p'^ = R for d < 0. /C^(a) is a graded S'-module, and it holds JC^_^{a) C 
/C^(a) for all k E Z. Moreover, a straightforward calculation shows that 

Vy e i?i\pi : IClia) = {fea\ deg^(/) < fc}, 

meaning that for each y £ i?i\pi we can write any element / G ICf.{a) uniquely 
as f — y'^fo + g with fo £ S and g £ R such that degj^(5) < k. 

Lemma 2.4. For all fc G Nq and all y G i?i\pi, there is an isomorphism of 
graded S -modules 

iplia) : jCl{a)/jCl_,ia){-k) ^ ICl{a)J = //o + g + Zl_,{a) ^ /„. 

Proof. Let y G i?i\pi, and let fc G Nq. There is a morphism of graded 5- modules 

^lia) : ICli-k) ~^SJ = y'fo +g^ fo- 

By definition we find /Cfc(a) C im(^^(o)); we want to show that the reverse 
inclusion holds, too. So, let y' G i?i\pi be arbitrary, let d G No, and let 
fo € im(^^(a))d C Sd- Then /o G {p'^)d Q Rd, and there is an element g G 
(p'*+^)<i+fc such that y'^f + g E ad+k n (p'*)d+fe- As Ri is generated by y and 
pi over K, we find elements A G if \ {0} and w G pi such that y — Ay' + v, 
that is y^fo = >^^y'^fo + w/o for some u G p. Therefore, ^ + ^ G p'^+^ and 
J/"''/o + -^^r + ^ e a, proving indeed /o G /CA;(a). On the other hand, it is 
easy to see that ker((^^(a)) = K\_^{a){~k). This immediately gives the desired 
isomorphism. □ 

Corollary 2.5. For all y G i?i\pi and all fc G Nq it holds 

= ®deAf e Sd I 3.9 G : deg^(5) < fc A y^/ + .g G a^+fc} 

= edez{/ e I 3.9 e (P'^+i)d+fc : y"/ + <? e a^+t n (p'^)d+fc}- 

Proo/. Let y G i?i\pi, fc G Nq, and write /C^(a) := 0dgz{/ G 5'd | 3.g G 
{p'^^^)d+k ■ y'^f + .9 G ttd+fc n Pd+k}- As in the above proof, there is an isomor- 
phism of graded S'-modules 

^^(a)/^ti(a)(-fc)^/C^(a),yVo+ff + ^Li(a)^/o. 

This gives /C^, (a) ^ /C^ (a) . As by definition /C^, (a) C /C^ (a) , we get our claim. □ 

Note that the formula of Corollary 12.51 is indeed the same as the one given in 
the introduction as Sd C p''. 

Lemma 2.6. Let ip : R R be a graded ring automorphism, and let fc G Nq. 
Then 



4 



Proof. Let y G Then V(y) & RiM'ip)! and {y,pi)K = Ri = ip{Ri) = 

{ilj{y),'ip{p))K, where {y,pi)K denotes the if-vectorspace generated by y and 
pi. Now let d e Z, and let f £ Sd- Then by Corollary [53] we see 



3g e {p'^+^)d+k ■■ y'^f + 5 e Od+fc n {p'^)d+k 

3g' € {^{pY+%+k : 

V'(2/)V(/) +5' e V(a)d+fc n (V^(p)'^)d+fc 

^(/)G/cf''^Wa)),Cif[V>(p)i]rf. 

□ 

Remark 2.7. Corollary 12.51 means that to compute PEIs it is enough to look 
at one element y G i?i\pi, while Lemma 12.61 tells us that computing PEIs 
commutes with coordinate transformations. Definition l2 . 2l therefore indeed gives 
a generalisation of the partial elimination ideals defined in 7, 6.1] which is 
independent of a choice of coordinates of R. 

3 Partial Elimination Ideals and Secant Lines 

Notation 3.1. For the remainder of this section, let a C i? be a graded ideal, 
let p e mProj(i?), and let yo G i?i\pi, that is i?i is generated by yo and pi over 
K. For a graded ideal q C S* = K[pi] let 

5:=5/((on5) + q). 

According to the homogeneous normalization lemma, if dim(S') — 1, then there 
is an element yi £ Si such that K[yi] C S" is a finite integral extension (here and 
later we identify indeterminates and their residue classes if there is no danger 
of mistakes). Furthermore, we can write 

R := R/{{a n S)R + qR) = S[yo]. 

The ring extension K[yQ,yi] C i? is finite and integral, too. Let 

p :=p/((anS')i? + qi?), 

and let 

o := a + qi?/((a n S)R + qR). 

Then heigth(a) = 1 = heigth(an K[yo,yi]), so (an K[yo,yi]y^^ is a principal 
ideal. 

If a ^ p, it holds ^/a~Fp = and therefore there exists an integer t E No and 
an element g £ pt such that yQ+ g & a. Hence degy^(g) < t implies I5 G /Cf (a). 
So, ifanS' + q^^S' there exists an integer 

ko := max{fc G Nq U {-1} | JCl{a) C a n 5 + q}. 



/ e ICl{a)d C K[p 



i\d 
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Lemma 3.2. Assume o ^ p. Let q C S be a graded ideal such that dim(S') = 1, 
and such that a^'^' C R is a principal ideal. Then any generator h of a^^* can 
be written as 

with ho e -fs^\{0} and g G Pfeo+i- 

Proof. Let yi G Si such that K[yi] C 5 is finite and integral. Let h £ Rhe a. 
homogeneous generator of 0®*^*, and let / := deg(/i). As R = K[yo,pi], we can 
write 

h = hoyl + g, 

where ho e K and g ep. As a^^* ^ p, it follows ho ^ 0. 

So, we need only show that / = ko + 1. Let g G pi he a. representative of g. Then 
h '■= hoyo+g is a representative of h. For d :» it holds hyf e ad+ir\{p'^)d+i and 
therefore hyf G ad+i n {p'^)d+i + ((a n S)R + qR)d+i. Thus, there are elements 
V G ttd+i n (p'^)d+i and w € {{an S)R + qR)d+i such that hyf = v + w. In 
particular LTy^^{v + w) = hoyoVi- As -y G {p'^)d+i it holds degy^{v) < I and 
therefore degy^^{w) < I. We write w = j/qWo + u>, where wq G Sd and w G -Rd+i 
with degj^g('u;) < I. As t/q ^ (an5)i? + qi? for all t G No it follows wo G an5 + q, 
and as ^ a n + q for alH G No we finally get wq hoyf. This means that 
LTyg{v) = yoihoyf — wo) and hence hoyf — wo G /Cl'(a). If I < ko, this would 
imply yf E oflS' + q, a contradiction. It follows I > ko. 

On the other hand let k € No with < /, let d G No, and let / G /C^(a)d. We 
want to show that / G a fl 5 + q. There is an element g G (p'^+^)d+fc such that 
Vof + 9& o-d+k n (p'^)d+fe, that is 

Vof + 5 + ((a n S)R + qR)d+k e 0^^^*^ n {p%+k = 0, 

where the last equality holds because of deg(/i) > k and h ^p. So j/q/ + ((i^ l"! 
5)i? + qi?)d+fc = -g+{{anS)R + qR)d+k- If we assume / ^ ((an5)i? + qi?)d+fc, 
we therefore immediately get the contradiction 

k = degy^ {y^f + {{an S)R + qR)d+k) 
= degy^{-g+ {{an S)R + qR)d+k) < degy^{g) < k. 

This proves /C^(a) C a fl 5 + q for all fc < Z and therefore Z < fco + 1. □ 

Remark and Notation 3.3. (A) Let M be a finitely generated graded R- 
modulc, M 0, let pM denote the Hilbert polynomial of M, and let d := 
dim(M). Then, we denote the Hilbert multiplicity of M by 

P rMV- / l""Sth(Af) d=0 
^oiM)-[ (d_i)!.LC(pM) d>0 ■ 

(B) Let M be a finitely generated graded i?-module with d := dim(M) > 0, and 
let r G {1, . . . , — 1}. Let ti,. . . ,tr G N, and let hi G Rt^ for 1 < i < r such 
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that dim(M/E[^j^/iiAf) = d—r, that is hi, hr form a system of homogeneous 
parameters of M. Then 

eo(M/E[^i/i,M) >h---U- eo{M). 

Furthermore, the following conditions are equivalent: 

(a) eo{M/i:i^^h,M) ^h---U- eo(Af); 

(b) Vs e {1, . . . , r} : /i, ^ U{P e AssR{M/^llh^M) \ dim(i?/p) >d-s}. 

If these two equivalent conditions hold, we call hi, . . . , hr sl system of multiplicity 
parameters of degree ti, . . . ,tr for M . By (b) it follows that every M-sequence 
is a system of multiplicity parameters. If r = 1, we just call h = hi a multplicity 
parameter of degree t = ti for M . Multiplicity parameters are the analogue in 
homogeneous rings of superficial elements in local rings (see [1] VIII §7.5].) 

Theorem 3.4. Assume a ^ p. Let q C S* 6e a graded ideal such that dim(5') = 1 
and such that a^^^ Q R is a principal ideal. Then 

eo{R/{a + qR)) = (fco + 1) • eo(5/(a n S + q)). 

Proof. Let yi G Si such that -R'[yi] C S" is finite and integral. Then yo G 
NZD(i?), hence yo is a multiplicity parameter of degree 1 for R. Therefore 

eo(^) = eo(R/yoR) = eo(R). 

Now, let /i € i? be a homogeneous generator of a*"**. According to Lemma [3?2l we 
have h = hoy^"^^ +g G i?fco+i with ha e K\{Q} and g e p, and as yo G NZD(!R) 
it follows h G NZD(i?), so /i is a multiplicity parameter of degree A:o + 1 for R. 
As a result, we finally get 

eo[R/{a + qR)) = eo{R/a)_ - eo(i?/a'^^*) 

= eo{R/hR) = {ko + 1) • eo(i?) = (fco + 1) • eo{S). 

□ 

As a corollary to Theorem 13.41 we get the main result about PEIs (see [5j The- 
orem 3.5], [71 Proposition 6.2]): 

Corollary 3.5. Assume a ^ p, and let q G mProj(5). Then 

JClia) C q <^ eo(i?/(a + qR)) > k. 

Proof. We use the same notations as above. If /CQ(a) = a (1 S % q, then 
Va n S" + q = 5'+ and eo(5) = 0._So, assume an 5 C q. Then 'S ^Slq = i^[?/i], 
so dim(S') = 1 = 60(5), and o C i? = K\yo, 2/1] is an ideal of height 1. Therefore 
0^^* is a principal ideal, and we get our claim by Theorem 13.41 □ 
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Remark and Notation 3.6. (A) If Z C P" is a closed subscheme, by the 
homogeneous ideal of Z we mean the unique saturated ideal Iz Q R such that 
Z = Proj(i?/Jz) (see [IHl II, Exercise 5.10]). 

(B) li X,Y C P" are closed subschemes given by the homogeneous ideals 
Ix tIy Q R such that dim(X n F) = 0, we denote by 

l{Xr^Y)=eo{R/{Ix+IY)) 
the length of the intersection of X and Y. 

(C) Let A, A C P" be linear subspaces with homogeneous ideals Ia and Ia C R, 
respectively; these ideals are generated by linear forms. The linear span (A, A) 
of A and A is defined as the linear subspace defined by the common linear forms 
of I A and I A, that is 

(A, A) = Proj(i?/((/A)i n (/A)i)i?). 

(D) Let Z C P" be a closed subscheme, let p E P"\Z, and let A: G Nq. A k- 
secant line to Z is a line L C P" such that 1{Z Oh) > k. We define the k-secant 
cone SeCp(Z) of Z with vertex p as the closed subset of P" 

SeCp{Z) := {p} U [J{]L | L is a /c-secant hne to Z with p eh} 

furnished with its structure of reduced closed subscheme of P". Next, we define 
the k-secant loci of Z with respect to p as the closed subscheme of P" 

:=znsec;;(z). 

Some authors also use the the term "entry locus" instead of "secant locus". 
Observe that SeCp(Z) = Join(p, is the (embedded) join of p and T.'^{Z); 

this is the reason we demand SeCp(Z) to be reduced (see 0). Example 16.31 
shows the importance of defining the secant cone to be reduced. 

(E) Let p e P". We denote the linear projection with centre in p by 

^p:P^\M-^P"-i=P^-i(p); 

it is given by 5 = K[pi] ^ R. Let TTplz denote the restriction of tt^ to a closed 
subscheme Z C P" with homogeneous ideal Iz- The fibre ofiTplz over a closed 
point q £ T^piZ) is 

{np\z)-\q) - {q.p)r\Z. 
Asq e mProj(if [pi]) the fibre {nplzy^iq) is given by the ideal {qR+Izy^^ C R. 

Remark 3.7. (A) Keep the notations of above. Now, Corollary 13.51 iust says 
that Hp ^ Z, then the fc-th PEI IC^{Iz) defines the set of closed points q S T^piZ) 
whose fibres {t^p\z)~'^Wi are of length > k. Note that K\{Iz) does not need to 
be saturated (see Example 16. 31) . 

(B) In this paper, we only consider outer projections, that is projections from 
a point p not contained in Z, because we are mainly interested in secant cones. 
But the study of PEIs can be useful for the study of projections from p if p e Z; 
see [5] for an application of PEIs to inner projections. 
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Proposition 3.8. Let Z C P" he a closed subscheme with homogeneous ideal 
Iz C R, and let p e P" such that Z. Let k gNq. Then 

Sec^(Z) = Proj [r/ 1CI_,{Iz)r) 

and 

^1{Z) = Proj (i?/ [iz + ^1CI_,{Iz)r)) . 

Proof. Let q E p"-i = mProj(S'); the homogeneous ideal of the projective hne 
{q,p) ^ IP" is qR G Proj(i?). According to coroharv 13.51 it therefore holds 

Fp„-i(/C^_,(/z)) = {qenpiZ) I eoiR/ilz + qR)) > k} 

^{qe MZ) I 1{Z n (p, q)) >k} = 7rp(S^(Z)). 

But as the closure of vTp i(7rp(i;^(Z))) C P" is just SeCp(^), we get the first 
equation. The second equations follows by definition. □ 

4 Multiple Projections 

Let S* C i? be a homogeneous graded iiT-subalgebra, that is there exist an 
integer t G {0, . . . ,n} and linearly independent elements yo, . . . ,yt G Ri such 
that R = S[yo, ■ ■ ■ ,yt]- For a graded ideal a C i?, let d := anS*. Note that there 
is a natural inclusion map S /a ^ i?/a; we therefore consider S /a as a graded 
X-subalgebra of i?/a. 

Proposition 4.1. Let a C R be a graded ideal such that (R/a)m = {S/a)m for 
all m » 0. Let p e mProj(S') such that a ^ p, let S ■= A'[pi] C S, and let 
C{ Q S be a graded ideal such that dim(5/(a H S + q)) = 1. Let Iq := max{Z G 
NoU{-l} I /Cf(a) C anS' + q}. Then 

eo(i?/(a + qR)) = (lo + 1) ■ eo(5/(a n 5 + q)). 

Proof. Let m :» 0. As (i?/a),„ = (S/o)™ it holds ((yo, • • • , yt)R)m C a™ and in 
particular {{yo, yt)q)ni C a^. Moreover qi? = qS* + (yo, ■ • ■ , yt)(\- It follows 

(i?/(a + qR))m - (i?/(a + q^))™ 

= {{S/a)/{a + qS/a))m = (5/(H+q5))™ 

Thus, bylSH 

eo{R/{a + qR)) = eo(^/(a + q5)) 

= {lo + 1) • eo(5/(Hn 5 + q)) = {lo + 1) • eo(5/(a nS + q)). 

□ 
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Now, let d G No, let A = P'' C P" and S := K\pi] C S a linear subspace of 
dimension d with homogeneous ideal Ia C _R, and let 

TT ;= TTA : P"\A pr.-d-i 

be the projection with centre in A; this projection is given by 5 = S'a := 
K[{Ia)i] ^ R. Then, we can choose a decomposition 

TT = TTd O 7rd_l O • • • O TTo, 

where tt^ : P^^*(pi_i)\{pi} — > ¥'^^^^{pi) are simple projections for i G 
{0, . . . If we denote the homogeneous rings of V^~^{po), ■ ■ ■ ,P"~'^(pd-i) 
by 5'o, . . . , Sd^i, this decomposition is given by 

S ^ Sd-i ^■■■So^ R. 

Corollary 4.2. Let Z C P" be a closed subscheme with homogeneous ideal Iz , 
and assume that there is a decomposition tt = tt^ o • • • o ttq such that (jTd-i o • • • o 
Tro)\z' Z — > 7rJ"'^(7r(Z)) is an isomorphism. Let q G f>n-d-i ^ closed point. 
Then, for all k gNq 

1{Z n{q,A))>k^ ICI^""^'-' {Iz n Sd-i) C q. 

Proof. {"Kd-i ° •••TTo) \z being an isoprojection is equivalently to {R/Iz)m, = 
{Sd-i/{Iz n Sd-i))m for all to ^ 0. So, we get our claim by Proposition 

o □ 

Notation 4.3. For the remainder of this section, let £ e Proj(i?) be a linearly 
generated ideal of height n~l, that is L :— Proj(i?/£) = P^ C P" is a projective 
line. Let S = := K[S.i] C R; the twofold projection ttl : P"\L ^ P"-^ is 
given by i?. Let p,p' e h,p ^ p' , and let S := K[pi],S' := K[p[] C R. 

Consider the projections tt : P"\{p} — > P"~i and tt' : P"\{p'} — > P"-i given 
by S' ^ i? and S' ^ R, respectively, as weU as tt : P"~^\{p} — > P"-^ and 
: P"-i\{p'} — > P"-2 given by 5* and S' , respectively, where 

p 7r'(p) = 7r'(L\{p'}) and p' := n{p') = 7r(L\{p}). Then 

TTL = ^' O TT = ^ O tt' : P"\L > P"-2 

are two decompositions of tt. 

Definition 4.4. Let a C i? be a graded ideal such that i?+ C ^/a + £,. We call 
p,p' G mProj(i?) n Var(£) a clever decomposition of £, with respect to a if 

a^^* = ((a n K[pi])R + (a n K[p[])Rf^^ . 

Remark 4.5. Let Z C P" be a closed subscheme with homogeneous ideal 
Iz ^ R such that ZnL = 0. Geometrically, Definition 14.41 means that p,p' gL, 
are a clever decomposition o/L with respect to Z if 

Z = Join(7r(Z),p) n Join(7r'(Z),p') = Join(Z,p) n Join(Z,p')- 
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Proposition 4.6. Let a C R be a graded ideal such that i?+ C \/a + £, and 
let p,p' G mProj(i?) n Var(£) be a clever decomposition of £ with respect to 
a. Let q e mProj(5'), and let fco — max{fc e No U {-1} | IC^^^ {a nS) Q q}, 
k'o := max{fc G No U {-1} | /Cf (a n 5^') C q}. Then 

eo{R/{a + qR)) = {ko + l)-iK + l). 

Proof. We write R R/qR. Let j/iO G Ri such that p = £ + yoR, and let y2 € 
C Ri such that q + y2R = £, that is S/qS — K[yo, 2/2] and R = K[yQ, yi, ^2]- 
By Lemma 13.21 there is a homogeneous element 

h = hoy^°~^^ + hiy^"y2 H h hk„+iy2'~^^ € (-f^iyo, y2])fcQ+i C Efc^+i, 

where /lo, ■ • ■ , hk^+i G -fi' such that Hq ^ and 

o n + q5/q5 = 7^. 
Analogously, we can choose y^ G -R.i\pi such that aOS' + qS'/qS'is generated by 
h' = hy^^"+' + h',y'fy2 + ■■■ + h'^,^^,yf'+^ G (A^y^,, 2/2])^^+! C 

where /i,o , . . . , /i,fc,o+i G -ft' such that /iq 7^ As ho,hQ 7^ it follows that 
h,h C i? = if [2/0, J/o 1 2/2] is an i?-regular sequence. So, h,h is a system of 
multiplicity parameters of degree ko + 1, + I for R. Further, for all d » 

{a + qR/qR)d = af' + iqR)d/iqR)d 

= (^{an S)R + {an S')R^ ^ + {qR)d/{qR)d 

^ ((o n 5^ + qS/qS)'ltj + ((a nS' + qS'/qS')'Rj 

Therefore, we get 

eo(i?/(a + qi?)) - eo(R/(h,h')R) = {ko + 1) • (fc^ + 1). 

□ 

Corollary 4.7. Let Z C P" be a closed subscheme such that ZnL = 0, and let 
p,p' € I, be a clever decompositon 0/ L with respect to Z. Then, for all closed 
points q G P"^^ 

1{Z n {q, L)) = l{7r{Z) n {q, tt{p')}) ■ l{n'{Z) n {q, n'{p))). 

Proof. Clear by Proposition 14. 61 and Theorem [3^ □ 

Remark 4.8. The next obvious questions here would be whether there is a 
clever decomposition for any £ and any o, and if not what conditions on £ and 
a imply the existence of a clever decomposition. We are not going to answer 
these questions here; for now, we are not interested in clever decompositions 
themselves but in their usefulness for studying examples (see Example 16. 5p . 
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5 Computational Aspects 



We keep the previous notations. 

Proposition 5.1. Let a Q R be a graded ideal, and assume p := (xi, . . . , a;„) €E 
mProj(i?). Let a be an elimination ordering on R, and let G be a Grobner basis 
of a with respect to a. For all k € Nq, the set 

Gk ■■= {hC^M I g e G A deg,„(g) < k} 

is a Grobner basis o//C^(a) with respect to the term ordering on S ~ ^''^[pi] 
induced by a. 

Proof. ^ Proposition 3.4] and Corollary 12.51 □ 

Remark 5.2. We keep the notations of Proposition lS.!) but we assume further 
that a ^ p, that is i?+ C + p. So, there is an integer t g No such that Xq € 
a+p, hence Xq is contained in the initial ideal Incr(a+p). But as p = (xi, . . . , x„), 
this means Xq G Ino.(a). Therefore, there must be an element go E G such that 
LT^g(go) — Xq for some s < t and /Cf (o) = ^i^[pi]. 

Algorithm 5.3. (A) Using Propostion l5.ll we obtain the following method for 
computing the ideals of secant cones and secant loci: 

Let Z C P" be a closed subscheme with homogeneous ideal Iz C i?, and let 
p e P" such that pi Z. 

1. Choose a linear coordinate transformation tp : R R such that V'(p) = 

(xi , . . . , Xji). 

2. Compute a Grobner basis G of ipilz) with respect to an elimination ordering. 

3. Choose fco e No such that /C^''^^ (-0(/z)) = K[pi] for aU k > kg. An integer 
fco with this property exists by Remark 15.21 

4. Compute the partial elimination ideals /Co^''^(^(/2)), . . . , /C]fJ^\(7/'(/z)). This 
can easily be done using Proposition 15. II 

5. Set ICliLz) := ip-^ {lCl^^\'ip{Iz))) for < A: < fco - 1- Lemma EH guarantees 
that we indeed get the partial elimination ideals of Iz with respect to p. 

6. Compute yJJCl{Iz)R for < fc < fco - 1. 

By Proposition l3.81 for any fc S {0, . . . , fco — 1}, the (fc + l)-secant cone of Z with 
respect to p is defined as a scheme by the homogeneous ideal y^lC^{Iz)R, while 
the (fc + l)-secant loci of Z with respect to p is defined by the homogeneous 
ideal y/IC^{Iz)R + Iz- As JC^{Iz)R = R for all fc > fco, the higher secant loci 
^p{Z) are empty. 

(B) The above method contains some choices. We can replace these choices 
with explicit terms and get the following algorithm: 

Input: The homogeneous ideal C _R of a closed subscheme Z C P", and a 
minimal system of generators j/i, . . . , ?/„ g i?i of the closed point p G Proj(i?). 
Consider R to be furnished with either the lexicographical term order or the 
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reversed lexicographical term order. 

1.1. Compute I := minjz G {0, . . . , n} \ Xi ^ p}. 

1.2. Define the coordinate transformation ^ : R ^> R to be the inverse of 
a;o 1—^ xi, xi I— >■ 2/1, . . . ,a;„ i— ^ y„. Then indeed V'(p) = (2^17 ■ • • jS^n)- Calculate 

2. Compute a Grobner basis G of ip^Iz), for example using the Buchberger 
algorithm. 

3. Set fco := max{deg^^ (5) | g € G). Then icf'^\ilj{lz)) ^ K[pi] for all fc > fco 
according to Remark 15.21 

4. For all fc e {0, . . . , fco - 1}, set Gk {LT,„(g) | g € G A deg,^(g) < fc}. 

5. Set Kl{Iz)R := il^-^{Gk)R for < fc < fco - 1. 

6. Compute \/K^{Tz)R for < fc < fco — 1, for example using the algorithm of 
Krick and Logar. 

Output: Ideals \/K.q{Iz)R-, ■ • ■ , }C^^_i{Iz)R (via a finite set of generators) 
ofSec?(Z),...,SecP„(Z). 

An implementation of this algorithm for Singular can be obtained on request 
from the author (even if it is still rather unpolished) . 

6 Examples 

We use the notations of the previous sections. 

Example 6.1. (A) Let R K[xq^ . . . , X4], let p := (xi, . . . , X4), let 

/4,222 32 2 , 2\ ^ -r, 

a ■— [Xq + XiX2tXqXi — 2:3, X2 — 2^3, XqX2 + x^) C it, 

and let q :— (2:3, 2:4) C S* = K[xi, . . . ,X4\. Then a n 5 + q = (x\,xj,,Xi) 
and X2 G ^i(a): so fco = and 60(5) ~ eQ{K[xiT . . ,X4\/ {x^^x^^Xi)) = 2. 
Furthermore, 

o + qi?= (a;o,a;oa;i,xoa;2,X2,X3,a;4) 

and therefore 

eo(i?/(a + qR)) = 3 > (fco + 1) • eo(S'/(a 5 + q)). 
(B) Keep R, p, S and q of part (A), and let 

a := (a;g + xox\^ x^^i ~\- x-^^ -\- x^, XqX2 + x^, x"^ ) C R. 

Then, 

/Cj (o) a n S" + (xg,^!^!) C on 5 + q = (^2, ^3, a;4), 
but X2 € JC2[a), so fco = 1 and 60(5*) = 2. On the other hand, 

a + qi? = (a;o + xqx\, x^xi + a;^, a;oa;2, xox\x2tx\x2,x\,X3, xa) 
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and hence 

eo(i?/(a + qR)) = 3 < (fco + 1) • eo{S/{a nS + q)). 

(C) Again, keep i?, p and S as in part (A), but now let 

Cl .— (Xq ~j~ XqX-^^ XqXi -\- XqX^ ~{- X^^ XqX-^ ~t~ X^ ~\- X^^ XqX2 1 ^^2) 1 

and let q :— {xiX2,X3,X4) C S. Then, 

JClia) — aCi S + {xlx2, x^, x^) C a n 5 + q = {xiX2, x^, X2,X4), 
but X2 e A^3(a), so fco = 2 and eo(S') = 1. On the other hand, 
a"'"* = {xl + xl,x^) CR^K[xo,xi,x^] 

and therefore 

eo(i?/(a + qR)) = 3 = (fco + 1) • eo(5/(a nS + q)). 

(D) Now, let R = K[xo, . . . ,x„], p G mProj(i?), let a C i? be a graded ideal 
such that a ^ p, and let q C := ^[pi] be a graded ideal such that dini(S') = 1. 
Then, Qq ■— (an K[yo,yi])^^^ is a principal ideal; the same argument as used 
in the proof of Lemma 13.21 shows that a homogeneous generator h of ao is of 
degree > fco + 1. As oo^ C a''''*, it follows 

eo(i?/(a + qR)) < eo(R/aoR) = ea{R/hR) > (fco + l)eo(S'/(a n S* + q)). 

Now, (A) and (B) above prove that both inequalities between eo(i?/(o + q^)) 
and (fco + 1) • eo(S'/(a n S* + q)) can occur if 0*^*^* is not a principal ideal. But 
the condition that a is a principal ideal is not necessary for eo(-R/(a + qR)) = 
(fco + 1) • eo(5'/(a n 5 + q)), as (C) shows. Indeed, we conjecture that this 
equality always holds if 5"+ can be generated by two elements and the degree of 
a generator of ao is fco + 1. 

Example 6.2. Let X C P" be a smooth rational normal scroll and of codi- 
mension at least 2. Let p G P"\X be a closed point. Then, according to [31 
Theorem 3.2], either 

(a) SeCp(X) = and ^^(X) C pi is either a double point or the union of 
two simple points. 

(b) SeCp(X) = P2 and I]^(X) C P^ is either a smooth conic or the union of 
two lines L,L' C X. 

(c) Sec^(X) = P3 and ^{X) ^ P^ is a smooth quadric surface. 

(d) Sec^(X) =0, i.e. Sec(X). 
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Table 1: Examples of all possible secant loci oi X = 5'(1, 1, 2, 3) 



Now, let us consider the scroll X = S{\, 1, 2, 3) C pio. Using Algorithm ESI it 
is easy to find 6 points of P^"\5(l, 1,2,3) such that every one of the possible six 
secant loci occurs (see Table 1; there 2lp of a closed point p = {pq : ■ ■ ■ : pio) G 
P^°\jr is the set of indices i £ {0, . . . , 10} such that = 1 for i S 2lp and pt — Q 
else). 

Example 6.3. Let Z C P'' be the subscheme defined by the homogeneous ideal 

Iz '■= (xq, XgXi, XqXj + X0X3, X0X1X2 + x\, X1X3) <Z R:— i4r[a;o, xi, X2, X3]. 

As VTz — (xo,xi), the underlying set of Z is just a line, and Iz is saturated. 
Computing the PEIs of Iz with respect to the point p = (1 : : : 0) S P^ we 
get 

K^oilz) = (xixj^,x?) C 5 := i4:[xi, X2, X3], 

miz) = (xixi,xf -x^xi,xixi,x|), 
miz) = {xl,xixl,xl), 
JCl{Iz) = {xuxl), 
IClilz) = S. 

So, we can compute K.Hlzf''^ = mizf"^ = miz), that is the first and 
second PEI of Iz with respect to p are not saturated; their saturation indices 
are 8 and 4, respectively. Furthermore, we see that Sp(Z) = Sp(^) = ^p{Z) 
are equal as sets and consist just of the point g = (0 : : 1 : 0). The line {q,p) 
is a 4-secant to Z. Therefore, Z is not smooth. 

On the other hand, the extension ideals JCi{Iz)R, /Cf (/2)i? and JC^{Iz)R are 
saturated, meaning that the schemes Proj(i?//Cf (/z)i?), Proj(i?//C2(^z)-R) and 
Proj{R/IC^{Iz)R) are different; they are non-reduced and therefore not equal 
to the /c-secant cones of Z for k € {2,3,4}. Another consultation of Singular 



15 



tells us that 

{Iz + K,l{Iz)Rr' = {Iz + K,l{Iz)Rr' - {Iz + JCl{Iz)Rr' = [xlx^^xD, 
while 

/ sat / \ sat 

(iz+v^WzW) = [iz+vmw) 

/ \ sat 

= [Iz + VWW) = (xlxi^xs). 

Hence, we indeed have to demand that SeCp(Z) is reduced; if we omitted this 
condition, we would get 1{Z D SeCp{Z)) = 12, where SeCp{Z) = {p,q) is just a 
line. But {p,q) certainly is no 12-secant line to Z. 

Example 6.4 (Example 7.4(E) in [2]). Let n = 10. Consider the rational 
normal scroll W '■— 5(1, 8) C with homogeneous ideal Iw C R, and let L C 
be the line given by £ = (xq, xi,X2,X5, . . . , xw) C R. Let ttl : P}9\L — > f\ 
be the double projection given by S K[xo,xi,X2,X5, . . . ,xio] ^ R, and let 
Y '■— nL{W) C P|.. The homogeneous ideal J C S' of y is given by 18 quadrics 
and one quartic Q = XiX2 — XqX^. Now, let us consider the secant loci of W 
with respect to the points of L. According to [1], the secant variety of W is 
given by the ideal M generated by the 3 x 3-minors of the matrix 

X2 X3 X4 X5 Xe X7 Xs \ 
X3 X4 X5 Xe Xr Xs Xg , 
X4 X5 Xq X-! Xs Xg XiQ J 

SO that M + £ = {xo,Xi,X2,x'l,X5, . . . ,xio) C i? and therefore Sec(M^) n L 
contains just one point p = (0 : : : 1 : : • • • : 0) with homogeneous ideal 
(xq, xi,X2, Xi, . . . , xio) G mProj(i?). The partial elimination ideals of Iw with 
respect to p are 

miw) = Iw n K[{po)i], 
K.{{Iw) = (a;o,a;i,a;4, . . . ,xio), 
miw)^K[ipoU 

so that 

SecliW) = ypio(/Cf (%)i?) = pi C pio 

and 

Koi^) = ^ n Secl^iW) = {p := (0 : : 1 : : • • • : 0)}. 

Moreover, l{Wr\Secl{Wj) = 2. So, SeCp(l^) is a line which intersects W in one 
point w with multiplicity 2. It holds 

{w, L) n = {w} and l{{w, L) n W^) = 3, 

meaning that w 'lies with length 3 over its image 7r(?z;) g Y\ We now consider 
the PEIs corresponding to this projection. For this, we decompose ttl = tt o tt', 
where 

tt' : Pi°\{p' (0 : : : : 1 : : • • • : 0)} — > P?f 
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is given by S' := K[xo, X2, X3, 3:5, . . . , xio] ^ i?, and 

n : P%\{p := tt' (p) = (0 : : ; 1 : : • • • : 0)} — ^ 
given hy S ^ S' . Then, the PEIs of Iw with respect to p' are 

K\iw) = iwn ~s\K.i{iw) = Cs')+.^i{iw) = s', 

where Iw H S' is generated by 18 quadrics in S and 9 quadrics and 1 cubic in 
S'\S. lC\^{Iw) = {S')+ means that tt' is an isomorphism in accordance with 
p' ^ Scc(VK). For the PEIs of /Cq {Iw) with respect to p we get 

Kl{Ki{Iw))^Iy, 

^1(^0 i^w)) = (a;o,xf,a;5, . . . ,a:io), 

^li-^l {Iw)) = (xcXijXs, . . . ,a;io), 

lCl{lct{Iw))^S. 

Looking at these PEIs, Corollary H^] tells us that 7rL(u;) = (0 : : 1 : : • • • : 0) 
is indeed the only point q of F such that the length of the fibre {T^h\w)^^{<l) is 
3; for every other point q <^Y the length of the fibre is 1{W n (g,L)) = 1. 
Finally, for example 

2:2x5 - X3X4 e iw\{{iw n K[pi])R + {Iw n K[p[])Rf''\ 

so p, p' is not a clever decomposition of L. 

£ := :s Q = (x5, . . . ,xio) C S defines a projective plane E = C P^. 
The intersection y n E is the quartic defined in E by Q = x\x2. Let Li be the 
projective line in E defined by xi, in P* by £1 = (xi,X5, . . .xio) ^ 5*. In P^°, 
£1 defines the projective three-space (L,Li), and Iw + £i-R — (xoX4,X2X4 — 
x§, X3X4, x|, xi, X5, . . . , xio) C i?, hence as a set (ttl = (L,Li) = 

Vipio(xi, X3, X4, . . . , xio) is the ruling line Li on W which contains w. Moreover, 
eQ{R/{Iw + -Ci-R)) = 3, that is 'Li lies with length 3 over Li'. 

Example 6.5. Let W = 5(1, 8) C P^^ be as in Example I6.4[ but now consider 
the line L = P-'^ C P^^ given by the ideal £ = (xq, xi, X2, X4, . . . , X8, xio). Let 
p,p' £ L be the closed points given by the ideals p := (xq, xi, X2, X4, . . . , xio), 
p' := (xo, . . . ,X8, ,xio) e mProj(i?) n Var(£), and let S := K[pi],S' := K[p[]. 
Then a short computation using Singular shows 

((% n S)R + {Iw n = = Iw, 

so p,p' is a clever decomposition of L with respect to W . Another consultation 
of Singular gives 

ici^Hiw ns)^iwns^ /c~ns'(/j^ n s'), 

JCf^Hiwns) = (xo,xi,x2,x4,...,x8), ic§^^{iwns)^s, 

ICf^^' {Iw n S') - (xo,xi,x4,...,x8,xio), IC§^^' {Iw n S') ^ s. 
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Table 2: ]Cf^^{Iw r\ S) + K.^"^^' {Iw n S') C S 



Thus we can compute Table 2, giving us the ideals ICf^^ {Iw r\ S) + K.^^^ {Iw H 
S') C S. So we see that for g = (0 : : 1 : : • • • : 0), = (0 : • • • : : 1) G Z it 
holds 

icS'^Hiw n 5) + /cfn^'(/w ns') = q 

and 

JCf^'^iiw ns) + JC^^'^'iiw n s') = g', 

i.e. length((7rL|'z)^^(9)) = length((7rL|'z)^^ (9')) — 2. Indeed, we can compute 
Y^liZ) {(n^lzrHq)} and ^ {(^lU)"^ (9')}- 
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